Abstract-A method for designing transformation electromagnetics devices using tensor impedance surfaces is presented. The method is first applied to idealized tensor impedance boundary conditions (TIBCs), and later to printed-circuit tensor impedance surfaces (PCTISs). A PCTIS is a practical realization of a TIBC. It consists of a tensor impedance sheet, which models a subwavelength patterned metallic cladding, over a grounded dielectric substrate. The method outlined in this paper allows anisotropic TIBCs and PCTISs to be designed that support tangential wave vector distributions and power flow directions specified by a coordinate transformation. As an example, beam-shifting devices are designed, using TIBCs and PCTISs, that allow a surface wave to be shifted laterally. The designs are verified with a commercial full-wave electromagnetic solver. This work opens new opportunities for the design and implementation of anisotropic and inhomogeneous printed-circuit or graphene-based surfaces that can guide or radiate electromagnetic fields.
I. INTRODUCTION
T RANSFORMATION electromagnetics (EM) was first introduced in 2006 [1] . Since that time, it has been applied to the design of novel microwave and optical devices such as cloaks, polarization splitters, and beam-benders [1] - [3] . Transformation EM allows a field distribution to be transformed from an initial configuration to a desired one via a change of material parameters dictated by coordinate transformation. In addition to volumetric designs, planar transformation-based devices using transmission-line networks have been recently introduced in [4] , and subsequently pursued by other groups [5] - [9] . Devices based on field transformations were also recently introduced to control polarization of scattered fields [10] .
The need to integrate antennas and other electromagnetic devices onto the surfaces of vehicles and other platforms has driven interest in scalar, tensor, and periodic impedance surfaces in recent years. Planar leaky-wave antennas, based on scalar impedance surfaces, have been designed using sinusoidally modulated surface impedance profiles [11] , [12] and tunable surface impedance profiles [13] - [15] . Great strides have been made in realizing practical printed devices that control surface waves such as holographic antennas, polarization controlling surfaces, and wave-guiding surfaces using the anisotropic properties of tensor impedance surfaces (TISs) [16] - [22] . In this paper, a method for designing transformation EM devices using TISs is presented.
We first present a method to implement transformation EM devices using an idealized tensor impedance boundary condition (TIBC) [16] , [23] . Later in the paper, the method is adapted for printed-circuit tensor impedance surfaces (PCTISs), which are practical realizations of TIBCs [24] - [27] . The TIBC is given by , where and are components of the total electric and magnetic field tangential to the surface (at ) and is the surface normal [23] . This boundary condition can be represented in matrix form as (1) or in terms of the surface admittances as (2) where (3) A TIS can support TM [see Fig. 1(a) ], TE [see Fig. 1(b) ], or hybrid modes. Recently, a surface impedance cloak was designed [28] using the TM index profile characteristic of a beam shifter [29] . In the current work, the surface impedance profile needed to implement transformation EM devices is found from the transformed wave vector and Poynting vector distributions along a surface [30] . Specifically, surface impedance profiles are found that support modes (TM, TE, or hybrid) with these transformed phase and power characteristics. The method ensures that only the surface impedance entries need to be transformed, and the free space above the TIS need not be transformed. The method is later adapted to design practical PCTISs that also support modes with transformed wave vector and Poynting vector 0018-9480 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. distributions. A PCTIS is a practical realization of a TIBC, consisting of a patterned metallic cladding over a grounded dielectric substrate. The patterned metallic cladding is modeled as a tensor sheet impedance [24] - [27] . When designing PCTISs, the tensor sheet impedance entries are the unknowns: the quantities of interest.
There are many published examples of transformation electromagnetics (EM) devices, although not for the control of surface waves. When trying to control surface waves, unique challenges arise, which are not present when designing volumetric, parallel-plate, or planar transmission-line based transformation EM devices. Namely, the free space above the surface has to be transformed in open-boundary problems. Past approaches apply coordinate transformations directly to the initial materials to determine the anisotropic material parameters needed to support a desired field distribution. Our approach uses transformation EM theory to set desired wave vector and Poynting vector distributions. The surface impedance properties that support these distributions are then found. Transforming the wave vector and Poynting vector provides an intuitive way of approaching the problem since the phase and direction of power flow along a surface can be easily related to antenna radiation patterns for example. Martini and Maci have also recently approached the problem of transformation EM for surface waves [31] . However, their method does not directly control the wave vector and Poynting vector.
In Section II, transformation EM in two dimensions is reviewed. Section III outlines an approach for designing 2-D transformation EM devices using TIBCs. In Section IV, a beam-shifting device is designed and simulated with a commercial full-wave solver to verify the design method outlined in Section III. In Section V, transformation EM is applied to PCTISs, and a beam shifter is designed using a PCTIS in Section VI. The proposed design methodology is a step toward the realization of practical transformation EM devices using PCTISs [16] , [24] .
II. 2-D TRANSFORMATIONS
In transformation EM [1] , fields are transformed from an initial state to a desired one via a change in material parameters based on a coordinate transformation. The transformed material tensors ( and ) are related to the initial material parameters ( and ) in the following manner: (4) where (5) is the Jacobian of the transformation from the coordinate system to the system. When 2-D transformations are applied in the --plane, the Jacobian reduces to (6) In transformation EM, material parameters transform as in (4) . However, when designing TISs, the surface impedance/admittance is the quantity of interest rather than material parameters. Therefore, we must find how the surface admittance transforms. Transformation EM dictates that the transformed fields are related to the initial fields as [2] , [32] (7) (8) or equivalently, (9) (10) Rearranging the magnetic field components in (10) yields (11) Substituting (9) and (11) into the tensor admittance boundary condition (2) yields (12) Fig. 2 . Transforming the surface and the space above it via the traditional transformation EM method (12) . An alternate method that does not transform the space above the surface, but rather the TIBC alone is presented in Section III.
Comparing (2) and (12) reveals that the transformation EM method transforms the surface admittance in the same manner that and are transformed in (4). That is, (13) The transverse resonance equation that determines the guided modes, for propagation along the -axis of an idealized TIBC [27] is given by (14) where and . In general, the transverse wavenumber, , is given by , but in this particular case, . The matrix on the right-hand side (RHS) of (14) contains the TM and TE admittances of free space. Manipulating both sides of (14) yields (15) The term in square brackets on the left-hand side (LHS) of (15) can be substituted with (12) , yielding the following equation: (16) Therefore, not only is the surface admittance, transformed, but so is the free space above the surface [term in square brackets of (16)] to satisfy the guidance condition (see Fig. 2 ). This is impractical since, in many applications, the space above the impedance surface is fixed: typically free space. This conclusion is verified through full-wave simulation in Section IV. The transformation of free space above the surface is not needed for 2-D transformation EM devices based on transmission lines [4] - [9] since the fields are confined to the surface dimensions (i.e., ).
III. TRANSFORMATION EM APPLIED TO AN IDEALIZED TENSOR IMPEDANCE BOUNDARY CONDITION (TIBC)
In Section II, it was shown that the transformed surface admittance ( ) can be found from an initial surface impedance ( ) in the same manner that the transformed material parameters are computed. However, to maintain the guidance condition, the free space above the surface must also be transformed. This section proposes an alternative design approach. In this alternative approach, tensor impedance entries ( and ) are found that support the spatially varying wave vector and Poynting vector of the transformation EM device, while maintaining free space above the surface.
A plane wave's wave vector and Poynting vector tangential to the surface transform as [33] (17) (18) At a given spatial coordinate, the Poynting vector points at an angle, , with respect to the -axis,
Similarly, the transformed wave vector points at an angle, with respect to the -axis. In addition to supporting the transformed wave vector and Poynting vector, the tensor impedance entries ( and ) must also satisfy the guidance condition for propagation along the surface.
A. Propagation Along TIBCs
The following eigenvalue equation [24, eq. (17) ] can be written to find the modes supported by a TIBC: (20) where (21) The eigenvalue equation above is found by expressing the tangential field components ( and ) in terms of the normal field components ( and ) corresponding to TM and TE fields, respectively [24] , [34] . It should be noted that the double primes now denote field quantities corresponding to the transformed wave vector (17) and Poynting vector (18) , not the transformed fields [given by (7) and (8)] from transformation EM. From (20) , the dispersion equation of a TIBC can be derived [23] , [24] (22)
The group velocity along a TIBC can be found by differentiating the dispersion (22) to find (23) The direction of power flow along a TIBC can then be expressed as [35] (24)
The eigenvalue equation (20) will be used to design TIBCs that support surface waves with the transformed wave vector and Poynting vector distributions given by (17) and (18).
B. Design Approach
In transformation EM, the transformed material parameters are derived from an initial medium. This initial medium is typically free space. Since the intent here is to apply transformation EM to TIBCs, an initial isotropic surface impedance (25) in free space is chosen that supports a surface wave at a desired frequency of operation. The surface impedance supporting a TM surface wave is given by (26) The tangential wavenumber ( ) along the surface is chosen to be greater than that of free space to ensure a bound surface wave. Next, a surface impedance, (27) is found, which supports the transformed wave vector and Poynting vector distributions on the surface. By writing the Poynting vector components in terms of and , (19) can be recast as (28) Therefore, the transformed wave vector and direction of the Poynting vector along the surface uniquely define the ratio of the normal electric to magnetic fields (ratio of TM to TE fields) supported by the TIBC. Even though the isotropic surface impedance supports a TM wave only, the anisotropic surface impedance can support a mixture of TM and TE waves, as indicated by (28) . Equation (28) first appears in [30] , but there, it contains a typographical error. Substituting (28) into (20) yields two (out of three) equations for finding the surface impedance entries and . Setting the determinant of the transformed surface impedance tensor equal to the square of the initial surface impedance ( ) results in a third equation, (29) The transformed surface impedance entries can now be found using these three equations. This condition on the determinant of the surface impedance is analogous to the condition on the permittivity and permeability tensors in transformation EM devices [33] . Solving this system of three equations yields the surface impedance tensor necessary (at each point on the surface) to ensure the desired distributions of wave vector (17) and direction of power flow (18) along the surface. Alternatively, the system of three equations needed to find the surface impedance entries can be chosen as: the dispersion (22), the direction of power flow (24), and (29).
IV. EXAMPLE: BEAM-SHIFTING SURFACE USING A TIBC
In this section, a transformation-based beam shifter [29] , [36] is designed using TIBCs. The device can bend a surface-wave beam by an angle of . The device consists of three regions (as shown in Fig. 3 ): an anisotropic region with surface impedance sandwiched between two isotropic regions with surface impedance . In the uppermost isotropic region, propagation is set to be purely in the -direction. The wavenumber is chosen to be rad/m at 10 GHz to ensure a tightly bound wave. The corresponding surface impedance is given by (26) (30) This surface will support a TM surface wave with the following propagation characteristics:
The anisotropic region is designed by finding the anisotropic surface impedance tensor ( ) needed to bend the beam by an angle (Fig. 3) . A coordinate transformation is applied to and to find the transformed tangential wave vector ( ) Fig. 3 . Beam-shifting surface consisting of three regions. Two different surfaces need to be designed; one isotropic and one anisotropic. The anisotropic surface is designed to bend the incident beam by .
and Poynting vector ( ) in the anisotropic region. The Jacobian of the coordinate transformation governing the anisotropic region of the beam-shifting device is given by [2] (33)
where The beam-shift angle is chosen to be , or equivalently, . Applying the transformation to and , using (17) and (18) , yields (34) and (35) Applying the design procedure described in Section III yields the following surface impedance tensor for the anisotropic region: (36) The dispersion contour for the anisotropic region is shown in Fig. 4 .
The beam shifter was simulated using Ansys HFSS. The isotropic and anisotropic regions (as shown in Fig. 3) were modeled using the screening impedance boundary. The boundaries of the simulation domain were terminated with radiation boundaries, and one edge ( ) was illuminated with a Gaussian beam. The beam had a 60-mm beam waist and a phase center at mm. The results of the simulation at 10 GHz are shown in Fig. 5 . As expected, the Gaussian excitation couples energy into the uppermost isotropic surface, and a surface wave propagates in the -direction. Upon encountering the anisotropic region, the beam is refracted by 13.93 .
To an observer at the far edge of the lower isotropic region (edge opposite the source), the source appears to have shifted laterally. There is approximately 7 dB of loss along the TIBC Fig. 4 . Isofrequency dispersion contour at 10 GHz for the idealized inductive TIBC (anisotropic surface) corresponding to the designed TIBC beam shifter (36) . Arrows point in the directions of group velocity (red in online version) and phase velocity (blue in online version). The group and phase velocities co-align along the principal axes of the surface. The length of the red arrows (in online version) represent the normalized magnitude of the group velocity. For propagation along the -axis ( ), the angle between the group velocity vector and the phase velocity vector is 13.93 as designed. beam shifter, which is due to refections at the boundaries of the isotropic and anisotropic regions due to the abrupt change in power flow.
Had the surface admittance (30) been transformed by (12) , the transformed surface impedance would be (37) This surface impedance tensor does not satisfy the guidance condition at 10 GHz unless the free space above the surface is transformed to (38) (39) via (4). This fact is verified using HFSS's eigenmode solver. A unit cell of the TIBC given by (37) is implemented in HFSS Fig. 6 . PCTIS consisting of a tensor sheet impedance over a grounded dielectric substrate. The tensor sheet impedance/admittance, which models a generalized metallic cladding, is denoted with a superscript .
with a screening impedance and the medium above the surface is assigned the anisotropic material parameters described by (38) and (39). When the phase delay corresponding to (34) is stipulated along the -direction of the surface, an eigenfrequency of 10 GHz was found by the eigenmode solver. This verifies that for a surface transformed using (12) , the guidance condition is only satisfied when the free space above the surface is also transformed. Additionally, finding the ratio of to from the simulation verifies the direction of power flow as When the free space above the surface is left untransformed in simulation, the guidance condition is satisfied at 9.874 GHz, which agrees with analytical predictions from the dispersion equation. At this frequency, the direction of power flow is In Section V, a beam shifter is implemented with a PCTIS. In the case of a PCTIS, the unknowns are the sheet admittance tensor entries ( , , and ) rather than the surface admittance tensor entries.
V. TRANSFORMATION EM APPLIED TO PCTISs
In this section, a procedure for designing transformation EM devices using PCTISs is presented. A PCTIS consists of a tensor impedance sheet over a grounded dielectric substrate, where the tensor sheet impedance models a patterned metallic cladding. As shown in the analytical model of a PCTIS (see Fig. 6 ), the quantities of interest are the sheet admittance entries. The effective surface admittance of a PCTIS was related to the surface admittance of a TIBC in [27] . It was found that a PCTIS exhibits spatial dispersion due to its electrical thickness. As a result of this spatial dispersion, a PCTIS can have the same surface impedance as a TIBC, but a different direction of power flow [35] . The design method presented in the section is analogous to the design procedure for TIBCs from Section III. However, in the case of a PCTIS, one must find the sheet admittance entries ( , , and ) that support the transformed wave vector and Poynting vector distributions of a transformation EM device.
A. Propagation Along PCTISs
The modes supported by a PCTIS can be found from eigenvalue (20) in [24] . The dispersion equation for a PCTIS can be derived from this eigenvalue equation as [24] , [27] (40) Furthermore, the group velocity along a PCTIS was derived in [35] by differentiating the dispersion equation with respect to and . The and components of the group velocity along a PCTIS can be expressed compactly as The dispersion (40) and the equation above (43) constitute two of the three equations needed to design a PCTIS that supports a surface wave with transformed wave vector and Poynting vector distributions. The third equation will be presented in Section V-B.
B. Design Approach
Similar to the design approach for TIBCs outlined in Section III, an initial anisotropic medium must be stipulated. An isotropic sheet admittance, (44) is chosen to support a surface wave, with a desired transverse wavenumber, , at a chosen frequency of operation. For a TM surface wave, the isotropic sheet impedance is found from the TM transverse resonance equation [27] (45) or equivalently,
The transformed wave vector and Poynting vector are found from (17) and (18), respectively. Next, the sheet impedance tensor (47) that supports the transformed wave vector and Poynting vector is found by solving a system of three equations: the dispersion equation for a PCTIS (40), the expression for the direction of power flow along a PCTIS (43), and a condition on the determinant of the transformed sheet admittance [33] (48) Additionally, we must ensure that only a single mode is supported by the PCTIS. That is, the higher order TE mode should not be excited. The TE mode cutoff occurs when . At cutoff, the TE transverse resonance equation becomes (49) where is the sheet admittance at cutoff. The eigenvalues ( and ) of can be found by diagonalizing ,
where is a matrix containing the eigenvectors of . In order to ensure that the higher order TE mode is not excited, the eigenvalues ( and ) of must not exceed . When either of the eigenvalues is equal to , the TE mode can be excited. Beyond this resonance, the surface impedance is capacitive and a TE mode is supported in addition to the TM mode. In other words, the following conditions must be satisfied in order to guarantee only one TM mode exists: Simultaneously solving the three aforementioned equations under the constraints of (51) and (52), the tensor sheet admittance entries ( , , and ) can be found. The choice of the isotropic sheet ( ) may have to be adjusted in order to satisfy (51) and (52) in addition to the three equations. Essentially, this condition places a limitation on the beam-shift angles achievable for a substrate with a given thickness and dielectric constant.
VI. EXAMPLE: BEAM SHIFTER USING A PCTIS
In this section, a beam shifter is designed using a PCTIS. The device can bend a surface-wave beam by 13.93 at 10 GHz. It consists of three regions, as shown in Fig. 3 . The PCTIS beam shifter consists of an isotropic sheet impedance in the upper and lower regions and an anisotropic sheet impedance in the middle. The sheets are on a 1.27-mm-thick grounded dielectric substrate with . In the isotropic region, propagation is chosen to be in the -direction with a transverse wavenumber of rad/m. The isotropic sheet impedance, calculated using (44) and (46) is (55) The transformed wave and Poynting vectors are found to be (56) and (57) where . Solving the system of three equations [see (40), (43), and (48)] discussed in the design procedure yields the following sheet impedance tensor for the anisotropic region:
The dispersion contour for this PCTIS is shown in Fig. 7 .
The beam shifter was simulated using HFSS. The isotropic and anisotropic regions were modeled using the screening impedance boundary condition over a grounded dielectric substrate. The boundaries of the simulation domain were terminated with radiation boundaries, and one edge was illuminated with a Gaussian beam. The results of the simulation at 10 GHz are shown in Fig. 8 . As expected, the Gaussian beam is refracted by 13.93 upon encountering the anisotropic medium.
For the chosen substrate, S at 10 GHz. The eigenvalues (diagonalized sheet admittance values) of (58) are S and S, and therefore satisfy (51) and (52). If conditions (51) and (52) were not satisfied, a TM and a TE mode would coexist. The 10-GHz dispersion contour for such a situation is shown in Fig. 9 . The sheet impedance corresponding to this dispersion contour is (59) Fig. 7 . Isofrequency dispersion contour at 10 GHz for the anisotropic surface of the PCTIS beam shifter (36) . Arrows point in the group velocity (red in online version) and phase velocity (blue in online version) directions. The group and phase velocities co-align along the principal axes of the surface. The length of the red arrows (in online version) represent the normalized magnitude of the group velocity. For propagation along the -axis ( ), the angle between the group velocity vector and the phase velocity vector is 13.93 as designed. and the eigenvalues of are S and S. In this case, propagation along certain directions of the beam shifter will produce two beams. This is verified with full-wave simulation (results shown in Fig. 10 ) for propagation along the -axis.
The beam shifter is a simple example of a transformation EM device that can be implemented with TISs. It is meant to demonstrate the ability of these surfaces to support phase progression and power flow in different directions. This concept can be applied to implement more complicated transformation EM devices consisting of many subwavelength unit cells. In the case of the beam shifter, all the unit cells in the anisotropic region are identical. In a more complicated transformation EM device, the surface could be inhomogeneous and anisotropic. Each of the unit cells would direct power in the manner needed to realize the overall field transformation desired on the surface. In-plane loss can be reduced by implementing smoothly varying field transformations to minimize reflections between unit cells.
VII. CONCLUSION
In this paper, a method for designing transformation EM devices using TISs was presented. It was shown that transforming an idealized TIBC according to the transformation EM method results in a transformation of the free space above it. An alternate method was proposed that allows transformation EM devices to be implemented using TIBCs, while maintaining free space above. The procedure was extended to include PCTISs, which are practical realizations of TIBCs, and consist of a patterned metallic cladding over a grounded dielectric substrate. The alternate method allows anisotropic TIBCs and PCTISs to be designed that support tangential wave vector and Poynting vector distributions specified by a coordinate transformation. Beam shifters are designed (both a TIBC and a PCTIS version) that laterally shift a surface wave beam at 10 GHz. The design methods reported in this paper may be applicable to graphenebased devices since an infinitesimally thin graphene sheet can be characterized by a conductivity tensor using a nonlocal model for graphene [37] . Preliminary results of this work were presented at the 2013 IEEE Microwave Theory and Techniques Society (IEEE MTT-S) International Microwave Symposium [30] .
